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Application of the “Singular Value DecompositionÏ
Method for the Quantitative Interpretation of the

Spectra of Paramagnetic CompoundsNMR
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A possible new application for the “singular value decompositionÏ (SVD) method is described. With the help of
SVD, the isotropic NMR shifts of paramagnetic metallorganic compounds of the type (where Cp = g5-Cp

3
Ln ÆB

cyclopentadienyl, B = neutral base and Ln = lanthanoid) were quantitatively interpreted in terms of dipolar and
contact shifts. A brief review of alternative approaches to separate dipolar and contact shifts is given, and the new
method based on SVD is shown to be superior on statistical grounds. 1997 by John Wiley & Sons, Ltd.(
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INTRODUCTION

MathematicalÈstatistical methods are having an ever
increasing impact on chemistry. The method of “singular
value decompositionÏ (SVD), which allows the computa-
tion of generalized eigenvalues of matrices,1 is used
(especially as the mathematical basis for “factor
analysisÏ) for many di†erent purposes.2 For example, in
NMR spectroscopy SVD is a valuable alternative to the
Fourier transformation in the interpretation of time
domain signals.3

The so-called “shift reagentsÏ represent a wide and
important research Ðeld in NMR spectroscopy.4,5 The
quantitative interpretation of the arising shifts
(“isotropic shiftsÏ) has often been tried with various
approaches,6h14 but none of them has been generally
recognized as being a standard method. This paper
describes the application of SVD and the superiority of
this approach over all hitherto presented methods.

Organometallic lanthanoid compounds of the type15
(Cp\ g5-cyclopentadienyl, B\ neutral baseCp3Ln ÉB

and Ln\ lanthanoid) (Fig. 1) were chosen as model
samples. They have the great advantage of being suffi-
ciently soluble without any modiÐcation, even in non-
polar organic solvents. This feature eliminates the
otherwise non-negligible problem of ligand exchange.
Furthermore, it can be assumed that the molecular
structures in solution agree with those determined by
x-ray analyses.

THEORETICAL BACKGROUND16

The so-called “isotropic shiftÏ, deÐned as the di†erence in
the NMR shifts of a diamagnetic reference compound

Contract grant sponsor : Deutsche Forschungsgemeinschaft.

and the examined paramagnetic compound, is made up
by several parts. In practice, minor contributions such
as nuclear Zeeman or quadrupole terms are neglected,
leaving the dipolar (or pseudo-contact) and the (Fermi)
contact shift :

*iso \ ddia[ dpara \ *dip] *con (1)

Dipolar shift

The dipolar shift is usually described by the point
dipoleÈpoint dipole interaction model, giving

*dip\ GD] G@D@ (2)

where G and G@ are the so-called geometry factors
[where G\ (3 cos2t[ 1)/r3, G@\ sin2t cos 2r/r3 ; r, t
and r are polar coordinates of the measured nucleus
with respect to the paramagnetic center] and D and D@
describe the magnetic anisotropy of the compound
[D\ (s
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constant].NA \ AvogadroÏs
To simplify the following discussion, only axially

symmetric compounds (D@\ 0) will be considered (but
this is not a necessary condition, see below). Further-
more, experimental data10 indicate that the validity of
the point dipole model for 13C nuclei is doubtful
(possible spin transfer via p orbitals), so this paper
implicitly only deals with 1H nuclei.

Figure 1. General structure of the substance class Cp
3
Ln · B.
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Contact shift

The contact shift is caused by through-bond spin trans-
fer and is given by

*con\ AX (3)

where A is the (super-)hyperÐne coupling parameter and
the electron spin density experi-X \SST/(NAbbNgN)

enced by the measured nucleus (b \ Bohr magneton,
magneton, g factor,bN \nuclear gN \nuclear

SST \ expectation value of the spin density operator
kSŒ ).

The temperature dependence of D and X usually
follows a (modiÐed) CurieÈWeiss law, s \ a/T ] b,
where a and b are caused by the Ðrst- and second-order
Zeeman e†ect, respectively. (Because of the large crystal
Ðeld strength of the compounds15 investigated here, the
conditions for applying Bleaneys basic equation17 are
not met.) In practice, the vs. 1/T curves are only*isoapproximately straight lines.

THE FUNDAMENTAL SYSTEM OF
EQUATIONS

In the practice of NMR spectroscopy of paramagnetic
compounds, usually a series of measurements are made
on (say) m nuclei at n di†erent temperatures. For a
given compound, G and A depend only upon the coor-
dinates of the measured nucleus relative to the para-
magnetic center, and D and X upon the temperature.
By adding appropriate indices i (1 O i O m) for every
nucleus and j (1O j O n) for every temperature, from
Eqns (1)È(3) the following fundamental equation can be
derived (renaming to*iso V

ij
) :

V
ij
\ G

i
D

j
] A

i
X

j
(for all i, j) (4)

Several di†erent variables of Eqn system (4) may be
individually found by experiment, e.g. :
(i) m] n isotropic shifts V

ij
;

(ii) m geometry factors if the molecular structure isG
i
,

known;
(iii) possibly m hyperÐne coupling parameters from an

EPR or ENDOR measurement ;
(iv) n magnetic data values for and (if the wave-D

j
X

jfunctions of the crystal Ðeld states are completely
known) ;

(v) alternatively, only n values for from a suscepti-X
jbility measurement [via s, whereSST B (gL[ 1)/gLg factor of the ground manifold].gL\Lande�

Consequently, the aims of the NMR analysis may
di†er and extend from checking the validity of Eqn
system (4) to computing the (if the moleculeG

igeometry is of primary interest) or computing the D
jand (to obtain information about the crystal ÐeldX

jwavefunction).
The Eqn system (4) also may be written in a block

matrix form.15 By deÐning the (m] 2) ] (n ] 2) matrix
M

M \
;1
0
D

0
1
X

G
A
V

;
(5)

(where G is the m] 1 matrix . . . o etc.), the wholeoG1 G2Eqn system (4) (and all equations which may be derived
from it) can be condensed into the mathematical equi-
valent statement Rank(M) \ 2.

EARLIER APPROACHES

Many attempts have been made to Ðnd methods for
separating dipolar and contact shifts. Most of them
have been described by DeBoer et al.,14 so only a
summary is given here.

The solution of the bilinear, usually highly over-
determined, Eqn system (4) can be simpliÐed, if for
certain i, j one of the summands equals zero. This is the
case when either one of the factors F

k
(F

k
\ G

i
, A

i
, D

j
,

is zero, or when In the latterX
j
) F

k1
\ F

k2
, k1D k2 .

case a new “dummyÏ which is zero, may be deÐnedF
k3

,
by subtracting the corresponding equations.

Almost all of the earlier approaches Ðt neatly into
this scheme (which allows exactly eight possibilities).

The isotropic case : Gd(III)

If an isotropic ligand Ðeld is present, the dipolar shift
vanishes, so that for all j. This case rarely everD

j
\ 0

happens. A central ion with an L \ 0 ground manifold
is another possibility for having Hence if suchD

j
\ 0.

an ion exists, the separation of the dipolar and contact
shifts for another member of its corresponding homolo-
gous series is straightforward. While this is a very
common approach for the d-elements,4 where the pair
Co(II)ÈNi(II) is used, for the lanthanoids only Gd(III)
fulÐls the above condition. Unfortunately, this system
has an extremely long relaxation time and therefore
gives rise to very broad signals. This explains why this
approach has been tried only a few times.6,7

Combination of several lanthanoids

The Pinkerton and Spiliadis (PÈS) approach is based on
their ad hoc postulate8 that for a homologous series of
compounds with di†erent lanthanoids the hyperÐne
coupling parameters are independent of the nature of
the paramagnetic center, which means A

i1
\ A

i2
.

Actually the indices and do not refer to the mea-i1 i2sured nucleus, but to the paramagnetic center, so a
scaling of the shifts relative to the individual magnetic
properties of the paramagnetic centers has to be done.
(The scheme described above still applies, however.)
Computation in line with this approach gives a direct
cancelling of the contact shifts of a lanthanoid pair.

A more critical discussion will be made later, where
results contradicting this ad hoc hypothesis are
described.

Extrapolation of Curie–Weiss lines

A nucleus whose distance from the paramagnetic center
is far enough (say 3È4 p bonds) usually has a negligibly
small contact shift The approach suggested by(A

i
\ 0).

Oroschin,9 and examined more closely by Breitbach10
(O/B), is based on this heuristic observation. The shifts
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Figure 2. The coordinated isoquinoline ligand.

of all nuclei fulÐlling the above condition can be
extrapolated to a common (Ðctive) temperature T 0 ,
where also the dipolar shift vanishes. This, in turn,
allows the separation of contact and dipolar shifts of
other nuclei in the same molecule, by also extrapolating
their CurieÈWeiss lines to T0 .

Another approach based on the temperature dependence
of Diso
Following Bleaney,17 dipolar and contact shifts have
di†erent temperature dependences (T ~2 and T ~1,
respectively). This supposition also allows the separa-
tion of the shifts by extrapolation. This has sometimes
been done,11,12 but this premise is rather doubtful.18

Unexplored ideas

If two geometrically equivalent but chemically non-
equivalent atoms see Fig. 2) can be found in(G

i1
\ G

i2
,

the same molecule (or maybe even in two di†erent ones,
as long as D and X are similar), the di†erence of their
shifts would equal the di†erence of their contact shifts.
In the system (dpm \ 2,2,6,6-Ln(dpm)3 É isoquinoline
tetramethylheptane-3,5-dionato), several ppm di†er-
ences in the shifts of the a protons were observed.19
This magnitude should be high enough to give signiÐ-
cant results, and encouraged our own study on

which is currently under way.Cp3Ln É isoquinoline,
The method is not generally applicable, but it could

be used for verifying the usefulness of the other
approaches, because it allows direct access to the
contact shifts.

Fictive cases

The remaining cases are : (only possible for aG
i
\ 0

Ðctive geometry with the “magic angleÏ), andD
j1

\D
j2(impossible if the temperature dependence isX

j1
\ X

j2monotonic, e.g. a CurieÈWeiss line) and (noX
j
\ 0

paramagnetism!).

Other approaches

Van Zijl et al. described13 a method which directly
relates the quadrupole splitting of deuterium atoms to
the dipolar shift. This is an interesting approach, but it
contains some special assumptions which render it inap-
plicable for the general case.

Summing up, for an arbitrary compound usually only
the PÈS and O/B approaches appear to be feasible
(unless further simpliÐcations are made).

CRITICIZING THE APPROACHES:
MATHEMATICAL CONSIDERATIONS

Richardson et al.20 emphasized the importance of
checking the validity of the statistical methods used in
order to avoid drawing false conclusions from innocent-
looking NMR data. In this sense, the following subtle
mathematical facts should be considered.

The Eqn system (4) can also be interpreted geometri-
cally : the isotropic shifts lie (in hyperspace) on aV

ijplane which is generated by the two unit vectors dipolar
shift and contact shift. Finding the components of V

ijwith respect to this unit vectors is now hampered by a
“conspiracyÏ of the following circumstances :
(i) atoms “nearÏ the paramagnetic center have large

values of G and A, whereas those “farÏ from the
center display only small values ; in the extreme
case G

i
/A

i
B constant ;

(ii) neglecting the second-order Zeeman e†ect gives
D

j
/X

j
B constant ;

(iii) usually the dipolar shift is much larger than the
contact shift (inserting common values of G, A, D
and X, one obtains ratios of the order of 10 : 1).

This means in geometrical terms that the unit vectors
are nearly parallel and of very di†erent lengths (in
matrix formulation : V has “nearlyÏ rank 1). It is intu-
itively clear that under these circumstances (and the sta-
tistical errors have not even been included in these
considerations yet) it is very difficult to extract the
smaller component of (the contact shift). These factsV

ijcause the O/B method (and related schemes) to have
grave disadvantages, as follows :

First, the O/B method can only proceed if at least
two geometry factors and are known beforehandG1 G2and the temperature dependence of the shifts shows
(usually CurieÈWeiss) straight lines. However, as the
whole O/B scheme in summary is mathematically
equivalent15 to stating that for any three atoms

;a1
b1
G1

a2
b2
G2

a3
b3
G3

;
\ 0 (6)

(a ascent of the CurieÈWeiss straight lines, b axis
segment, solve after while knowing and theG3 G1 G2),always occurring slight curvatures of the lines produce a
fairly large error in the values of and therefore (asb

iabove, also this matrix has “nearlyÏ rank 1) an even
larger error in the computation of Furthermore, theG3 .
system of all equations of type (6) is not self-consistent,
so the results for depend on which atoms wereG3chosen for supplying and [It is possible toG1 G2 .
modify15 the O/B approach slightly to avoid at least the
missing self-consistency ; also note that the condition

is completely superÑuous for Eqn (6).]A
i
\ 0

ABANDONING LINEARITY: SVD AS A
COMPLETELY NEW METHOD

As the basic idea of O/B is useful, our own new method
was developed15 to overcome its mathematical weak-
nesses, which is also applicable for a non-linear vs.*iso
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406 H. REDDMANN

1/T curve. It will now be presented (neglecting the Ðner
mathematical details).

The central error of the hitherto described
approaches is that they “look the wrong way through
the telescope :Ï they e†ectively are equivalent to picking
out some 3 ] 3 determinant of M, setting it to zero and
solving for the unknowns. This leads to an error propa-
gation, which can become, as explained earlier, arbi-
trarily large. As a warning example, the results of
Breitbach10 regarding (cPic\ 4-(MeCp)3Nd É cPic
methylpyridine, MeCp\ methylcyclopentadienyl) shall
be considered (Table 3, see below), where the error pro-
pagation, due to a nearly vanishing minor, took an
estimated15 value of ca. 200 : 1, which explains the
unreasonable results.

However, the “telescopeÏ e†ect can also be used in the
desirable direction ! Exactly this is made possible by
SVD. This method takes the matrix M [from the deÐni-
tion in Eqn (5) of M it is clear how to include known
data for G, D, A and X], and performs a least-squares
Ðt
of the to the optimum possible plane. This producesV

ija self-consistent matrix M@, which can now be evaluated
just like the last steps of the O/B approach without
facing any of its problems. E†ectively, the highly over-
determined (and unfulÐllable) problem Rank(M) \ 2
turns into the highly underdetermined (and fulÐllable)
problem Rank(M@) \ 2, pM [ M@p \ min (where the
double bars denote the Euclidian matrix norm).

Short mathematical description of SVD

1. Put up M (size m] n).
2. Diagonalize MM` and M`M (M` denotes the

transpose of M) to Ðnd L, R : andL`MM`L\ I
nmeans a unity matrix of sizeR`M`MR\ I

m
(I

kk ] k).
3. Compute W \ L`MR. W contains at most min(m, n)

values which are the singular values.D 0
In application to the O/B method, Ðnd M@ with
Rank(M@) \ 2, pM [ M@p \ min. as follows :

4. Set every value of W to zero, except the two largest
ones.

5. Call this W@ and compute M@\ LWºR`. M@ is a self-
consistent version of M.

6. Evaluate M@ (instead of M) by the O/B method.
If the compound is non-axial and the term G@] D@ is

to be included, in step 4 “twoÏ must be replaced by
“three.Ï Then, however, the application of the O/B
method meets another problem: the occurrence of
CurieÈWeiss straight lines automatically implies
Rank(M) O2 (for any temperatures, only two measure-
ments are linearly independent), so the third singular
value is zero anyway, and there is no way to distinguish
between axial and non-axial contributions ! This may be
the true cause (instead of spatial averaging) of the
observation that so many non-axial compounds vir-
tually behave as if they were axial.

The superior e†ectiveness of the SVD method was
demonstrated by a number of case studies made by the
author.15 Once again it must be emphasized that SVD
only redistributes the errors on all variables, and does
not annihilate them. It is clear that with values of, say,

ppm, ppm and ppm, an*iso \ 110 *dip\ 100 *con\ 10
error of 10% in the second value (caused by, say, an
inaccurate value) invariably is connected with anG

ierror of 100% in the third one. No approach, however
sophisticated it may be, can overcome this simple sta-
tistical fact.

Simple illustration of the error redistribution by SVD

Let

M1 \
; 1
4
7

2
5
8

3
6
9

;

M2 \
; 1
4
7

2
5
8

3
6
8

;

M3\
; 0.9
4.1
7.3

2.1
4.9
7.7

3.3
5.7
8.1

;

Suppose that is a matrix of experimental values.M2then symbolizes the results of applying the O/BM1method ; the sum ; of the error squares is 1. (notM3optimized) is also singular, but ; \ 0.41, a much lower
value (this reminds one of the Heisenberg uncertainty
principle : in eight values are taken as “exact,Ï and soM1the error necessarily accumulates in the last one). If the
relative instead of the absolute errors are to be opti-
mized, one could use weight factors.

RESULTS AND DISCUSSION

A case study was carried out by the author15 on several
compounds to compare the usefulness of the SVD, O/B
and PÈS approaches. Here, only some selected results
for the compounds andCp3Pr É cPic (MeCp)3Ln É cPic
(Ln\ Pr, Nd, Tm, Yb) are presented.

Computing geometry factors

The geometry of (Fig. 3) is known fromCp3Pr É cPic
x-ray analysis.10 The are easily found. To obtainG

igeometry factors for the related compound
the bond lengths and angles shown as(MeCp)3Pr É cPic,

in Fig. 3 were adopted. The rest of the molecule was
approximated by an idealized geometry [Ñat, regular
rings, CÈC single 154 pm, CÈCp center 121 pm, CÈ
C(cPic ring) 137 pm, CÈH 108 pm; see Ref. 15 for
details]. The geometry factors of the cPic part of the
molecule are the same as for Cp3Pr É cPic.

Figure 3. Geometry of Cp
3
Pr ·gPic.
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INTERPRETING NMR SPECTRA WITH “SINGULAR VALUE DECOMPOSITIONÏ 407

Figure 4. Definition of the libration angle o (schematic).

Table 1. Geometry factors and hyperÐne coup-
ling parameters for Cp3Pr Æ cPic
protons

Pic-Me Pic-a Pic-b Cp-H

Method Geometry factor, G (1021 cmÉ3)

XRAY ½4.98 ½23.46 ½8.91 É8.62

O/B ½4.98 ½23.46 ½8.34 É7.20

SVD ½4.98 ½23.46 ½8.91 É8.62

Hyperfine coupling parameter, A (MHz)

O/B 0 É0.02 ½0.01 É0.19

SVD ½0.01 ½0.01 ½0.06 É0.28

Table 2. Geometry factors and hyperÐne coupling parameters
for protons(MeCp)3Pr Æ cPic

Pic-Me Pic-a Pic-b Cp-a Cp-b Cp-Me

Method Geometry factor, G (1021 cmÉ3)

XRAY ½4.98 ½23.46 ½8.92 É7.60 É5.21 (É5.70)

O/B ½4.98 ½23.46 ½8.13 É7.42 É5.01 (½4.52)a

SVD ½4.97 ½23.46 ½8.90 É7.62 É5.22 (½10.1)a

Hyperfine coupling parameter, A (MHz)

O/B 0 ½0.04 ½0.01 É0.05 É0.04 —b

SVD É0.01 É0.01 ½0.04 É0.02 É0.02 —b

a Extrapolated value.
b Not computed; see Ref. 15 for details.

Table 3. Geometry factors, G (1021 cm—3), for
protons(MeCp)

3
Nd Æ cPic

Method Pic-Me Pic-a Pic-b Cp-a Cp-b Cp-Me

XRAY ½5.00 ½23.41 ½8.95 É7.51 É5.11 (É5.70)a

O/B ½5.00 ½23.41 ½9.5 ½61.7 ½70.1 (É38.1)

SVD ½5.00 ½23.41 ½8.95 É7.51 É5.11 —b

a Value for Pr.
b Not computed; see Ref. 15 for details.

Table 4. HyperÐne coupling parameters, A (MHz), for
protons(MeCp)3Ln Æ cPic

Lanthanoid Pic-Me Pic-a Pic-b Cp-a Cp-b Cp-Me

Pr É0.01 É0.01 ½0.04 É0.02 É0.02 —a

Nd É0.01 ½0.05 ½0.03 É0.15 É0.15 —a

Tm É0.02 É0.26 É0.04 ½0.38 ½0.16 —a

Yb ½0.05 É0.13 ½0.04 ½0.64 ½1.02 —a

P/S value 0 ½1.37 ½0.30 É1.77 É1.77 ½0.58

a Not computed; see Ref. 15 for details.

For the Cp ring a complication arises : it is a priori
not known how the ring would rotate on the NMR
time-scale. Molecular models suggest that the methyl
groups would a†ect themselves most when located in a
transoid orientation to the cPic ring. Therefore, a libra-
tion angle u (Fig. 4) was deÐned. The geometry factors
for all possibilities from u\ 0¡ (frozen rotation) to
u\ ^180¡ (free rotation) were computed in steps of
10¡. The best Ðt computed15 with the O/B method (and
conÐrmed by SVD) occurred for u\ ^120¡. This value
is used below.

As, moreover, the wavefunctions of the crystal Ðeld
states of the similar compound (theCp3Pr ÉMeTHF
optical spectra are nearly identical) are known in
detail,5 D and X can be computed. Therefore, these
compounds are ideally suited for a critical comparison
of the O/B, PÈS and SVD approaches.

Cp3Pr Æ cPic

In Table 1, the geometry factors calculated15 via the
structure parameters (“XRAYÏ), by the O/B and SVD
methods are compared. The values obtained by theG

iO/B method are fairly good. The “error redistributionÏ
e†ect of SVD is most pronounced ; the are identical.G

iOne should keep in mind that this proves only the self-
consistency, and not that the are the “rightÏ ones. (OfG

icourse, even SVD could not Ðt random G values, so it
can be concluded that these computed G values are
“closeÏ to the correct ones ; see below.)

Additionally, the calculated hyperÐne coupling
parameters are given. The di†erence between the O/B
and SVD values is fairly large. It is most instructive to
repeat this calculation with a slightly di†erent set of
geometry factors : even using SVD, the computed A

ivary widely.15 After what was said in the earlier sec-
tions, this is not surprising.

Moreover, for some similar compounds of the type
the hyperÐne coupling parameter of the CpCp3Pr ÉB

proton as computed21 by SVD took values around
[ 0.20 MHz, with individual di†erences of nearly
^0.10 MHz. This error margin would be hard to
improve.

(Table 2)(MeCp)
3
Pr Æ cPic

The same computations were made as for Cp3Pr É cPic.
Again, the O/B values for the are acceptable and theG

iSVD values are very good. The Cp ring methyl proton
is a special case. There are too many degrees of
freedom, and steric hindrances are possible, so the G

icomputed from the structural parameters is not reliable.
Including that value in the Ðt would lead to an error
explosion even for SVD, and the “trueÏ G value probably
lies in the direction indicated by SVD.

(Table 3)(MeCp)
3
Nd Æ cPic

This is an example where O/B completely fails.
(Choosing values of the libration angle other than
u\ ^120¡ does not a†ect this, the predicted valuesG

iare completely out of range.) As was pointed out earlier,
this is just a numerical “accidentÏ (using the slightly

( 1997 by John Wiley & Sons Ltd. MAGNETIC RESONANCE IN CHEMISTRY, VOL. 35, 403È409 (1997)
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modiÐed version of O/B already gives a Ðt comparable
to the homologous Pr compound15), and SVD repro-
duces the without any problems.G

i

Evaluating P/S

In Table 4, the hyperÐne coupling parameters for the
homologous lanthanoid series (MeCp)3Ln É cPic
(Ln\ Pr, Nd, Tm, Yb) computed by SVD are com-
pared with the value predicted by P/S as given by Breit-
bach.10 Note that only Pr and Nd (u\ ^120¡) and Tm
and Yb (u\ ^180¡) are directly comparable, because
for the latter the O/B method (and SVD) suggested a
di†erent optimum value of the libration angle u. (The
values are counter-intuitive, as considering the e†ect of
lanthanide contraction would suggest exactly the
opposite behaviour ; see Ref. 15 for a further discussion.)

The values of the predicted by SVD clearly contra-A
idict the P/S postulate. Moreover, the magnitude of the

P/S values seem to be unrealistically high. However, in
view of the large error margin (take ^50% for safety),
the Ðnal verdict should be arrived at using a method
that could access the values more directly, such asA

ithat outlined in the section Unexplored ideas.

OUTLOOK

Most urgently needed now are precise experimental
data to investigate the limits of the SVD approach,

especially regarding the computation of reliable hyper-
Ðne coupling parameters. Here independent EPR or
ENDOR data would be most valuable. Anyway, the
research Ðeld still leaves enough open questions for
work to continue.

EXPERIMENTAL

As this work attempted a critical re-analysis of known
experimental results, no experiments of our own were
carried out. The raw isotropic shift data for the com-
pounds analyzed here are collected in Table 5. Further
details can be found in Refs 9, 10 and 15.

Acknowledgement

This work was partly supported by a grant from the Deutsche For-
schungsgemeinschaft. The author thanks Professor R. D. Fischer,
University of Hamburg, for valuable discussions.

REFERENCES

1. J. W. Longley, Least Squares Computations Using Ortho-
gonalization Methods, Lecture Notes in Pure and Applied
Mathematics , No. 93. Marcel Dekker, New York (1984).

2. T. P. E. Auf der Heyde, J.Chem. Educ. 67, 461 (1990).
3. H. Barkhuijsen, R. deBeer, W. M. M. J. Bovee and D. van

Ormondt, J.Magn.Reson. 61, 465 (1985).
4. K. G. Orrell, Annu.Rep.NMR Spectrosc. 9, 1 (1979).
5. R. E. Sievers (Ed.), NMR Shift Reagents . Academic Press,

New York (1973).
6. A. M. Grotens, J. J. M. Backus and E. de Boer, Tetrahedron

Lett . 4343 (1973).
7. A. A. Chalmers and K. G. R. Pachler, J . Chem. Soc., Perkin

Trans. 2 , 748 (1974).
8. S. Spiliadis and A. A. Pinkerton, J. Chem. Soc., Dalton Trans.

1815 (1982).
9. W. Oroschin, PhD Thesis, University of Hamburg (1986).

10. H. Breitbach, PhD Thesis, University of Hamburg (1987).
11. C. N. Reilly, B. W. Good and J. F. Desreux, Anal . Chem. 47,

2110 (1975).

12. C. N. Reilly, B. W. Good and R. D. Allendoerfer, Anal . Chem.
48, 1446 (1976).

13. P. C. M. van Zijl, R. P. van Wezel, C. MacLean and A. A.
Bothner-By, J. Phys.Chem. 89, 204 (1985).

14. J. W. M. de Boer, P. J. D. Sakkers, C. W. Hibbers and E. de
Boer, J .Magn.Reson. 25, 455 (1977).

15. H. Reddmann, PhD Thesis, University of Hamburg (1993).
16. R. J. Kurland and B. R. McGarvey, J. Magn. Reson. 2, 286

(1970).
17. B. Bleaney, J.Magn.Reson. 8, 91 (1972).
18. B. R. McGarvey, in Organometallics of the f-Elements , edited

by T. J. Marks and R. D. Fischer, p. 323. Reidel, Dordrecht
(1978).

19. O. A. Gansow, P. A. Loeffler, R. E. Davis, R. E. Lenkinski and
M. R. Willcott, III, J . Am.Chem.Soc. 98, 4250 (1976).

20. M. F. Richardson, S. M. Rothstein and W. K. Li, J . Magn.
Reson. 36, 69 (1979).

21. H. Schulz, PhD Thesis, University of Hamburg (1994).

( 1997 by John Wiley & Sons Ltd. MAGNETIC RESONANCE IN CHEMISTRY, VOL. 35, 403È409 (1997)


